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ABSTRACT

The study of spanning trails in digraphs associates two fundamental concepts: connectivity and independence. For
general digraphs, establishing universal conditions remains an open challenge, but semicomplete multipartite
digraphs reveal precise connectivity restrictions due to their well-defined structure. In this work, we prove that every
strongly connected semicomplete 3-multipartite digraph D with arc-strong connectivity A(D) = a(D) — 1 contains
a spanning directed trail. This result provides evidence that multipartite structures may require weaker connectivity
conditions than arbitrary digraphs, opening new directions for studying spanning trails in constrained digraph classes.

Keywords: arcs-strong connectivity; stability number; spanning trail; supereulerian (closed spanning trails)
digraphs; semicomplete 3-multipartite digraphs.
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1. Introduction
We consider finite graphs and digraphs, and generally

independent set for a stable set in a digraph.
A strong digraph D is eulerian, for any v e

use G to denote a graph and D to a digraph. Undefined
terms and notation will follow [1] for graphs and [2]
for digraphs. Following [2], a digraph D does not have
loops and parallel arcs, let A(D) and a(D) denote the
arc-strong connectivity of a digraph D, and the
stability number (also called the independence
number), respectively. We shall use the term

V(D),dp(v) = d} (v). Adigraph D is supereulerian if
D contains a spanning eulerian subdigraph, or
equivalently, a spanning closed trail. Thus,
supereulerian digraphs must be strong.

The supereulerian digraph problem is to characterize
the strong digraphs that contain a spanning closed
directed trail. Several studies on supereulerian
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digraphs have been conducted. In particular, Hong et
al in [3], [4] and Bang-Jensen and Maddaloni [5]
presented some best possible sufficient degree
conditions for supereulerian digraphs. Several studies
on various conditions of supereulerian digraphs can be
found in [6], [7], [8], among others.

In 1972, Chvatal and Erdos [9] proved that every 2-
connected graph G with k(G) = «a(G) is Hamiltonian.
Thomassen [10] indicated that the Chvatal-Erdos
Theorem does not extend to digraphs by presenting an
infinite family of non-hamiltonian (but supereulerian)
digraphs D with k(D) = a(D) = 2. This motivates
Bang-Jensen and Thommassé to make the following
conjecture.

Conjecture 1.1. (Bang-Jensen and Thommassé [5])
Let D be a digraph. If A(D) = a(D), then D is
supereulerian.

In [5], Bang-Jensen and Maddaloni studied the validity
of Conjecture 1.1 for several families of digraphs one
of them is the following theorem.

Theorem 1.2. Let D be a strong semicomplete
multipartite digraph. If A(D) = a(D), then D is
superelerian. This is equivalent to saying that D has a
spanning closed trail.

In addition, Bang-Jensen and Maddaloni [5] provided
infinite families of digraphs with A(D) = a(D) —
1 that are not supereulerian. Hence, if true, Conjecture
1.1 would be best possible.

The current study is motivated by Conjecture 1.1 and
Theorem 1.2, for a semicomplete 3-multipartite
digraph. The main result of this note is the following.

Theorem 1.3. Let D be a strong semicomplete 3-
multipartite digraph. if A(D) = a(D) — 1, then D has
a spanning trail.
2. Preliminaries

Throughout our discussions, we use the notation
(u,v) to denote an arc oriented from u to v in a
digraph D; and use [u,v] to indicate either (u,v) or
(v,u). When [u,v] € A(D), we say that u and v are
adjacent. If two arcs of D have a common vertex, we
say that these two arcs are adjacent in D. The in-degree
and the out-degree of a vertex v in a digraph D are
denoted by dp(v) and dj(v), respectively.
Throughout this paper, we use the definitions of paths,
cycles, and trails as defined in [1] when discussing an
undirected graph G, and we denote directed paths,
directed cycles and directed trails when discussing it
onadigraph D. Awalk in D is an alternating sequence,
X104X50Q; ... X1 Qp_1 X OF vertices x; and arcs a;
from D such that a; =x;x;,,,fori = 1,....k—1.A
walk is closed if x; = x;, and open otherwise. If all the

arcs of a walk are distinct, we call it a trail. A directed
trail (or path, respectively) from a vertex u to a vertex
v in a digraph D is often referred to as a (u, v) —trail
(a (u, v) —path, respectively). As in [1], we define, for
a vertex v € V(D),NF(v) = {weV(D): (v,w) €
AD)}, Np(v) = {ueV(D): (u,v)€A(D)}, and
Np(v) = Nj (v) U Np (v).

For subsets X,Y < V(D), define (X,Y ), = {(x,y) €
A(D):x e X,y €Y}

and (X,Y ey = (X,Y)p U (¥, X))

If X={x}orY ={y}, we often use (x,Y), for
X,Y)p or (X,y)p for (X,Y)p, respectively. Hence
X, Y)p = ({x},{yD p.

Foravertexv € V (D), let of(v) = (v,V (D)- v)p
and od,(v) = V(D) —-v, v)p. Thus diw) =
|ag(w)| and dp(v) =|dp(w)| and  dp(v) =
di (v) + dp (v).

We use the definition of union digraphs as in [2]. By
definition of A(D) in [2], we observe that for any
integer k > 0 and a digraph D,

A(D) =k if and only if |df5(X)| =k, for any
nonempty proper subset X c V (D).

3. Proof of the main result
Lemma 3.1. Suppose D is a semicomplete 3-
multipartite digraph D with A(D) = a(D) —1 = 2.
Letx,y € V(D) such that x € V; and y € V; for some
i,j € {1,2,3} where i # j. Then either (x,y) € A(D)
or there exists a vertex v € V(D) such that
(x,v), (v,y) € A(D).
Proof: Assume V,,V,, and V5 are the partition sets of a
digraph D. Suppose x €V; and y €V, By the
definition of D, x and y are adjacent. Assume (x,y) &
A(D), so (y,x) € A(D). By a definition of D, for each
vertex v € Vs, [x,v], [y,v] € A(D). If there exists v €
V5 such that (x,v), (v,y) € A(D) then we are done.
By contradiction, we assume that for all v € V; with
(x,v) € A(D) that (y,v) € A(D).
DefineS={u€V;:u€e Ni(x)nNF(y)}
If S =0, then for each v € V3, either v € Ny (x) N
Ny(), or veNy(x)NNi(), it follows
|(x, V3)p| = 0, which contracts the strong connectivity
of D. We may assume |S| = 1. By assumption, |S N
Ny ()] =0, thus [(V3,y)pl < V3| = IS| < a(D) —
1, which contracts the arc-strong connectivity of D, so
there must be a vertex v € V5 such that (x, v), (v,y) €
AD). m
Lemma 3.2. Suppose D is a strong semicomplete 3-
multipartite digraph D. Let x,y € V (D) such that
x,y €V;for some i€ {1,2,3}. Then, one of the
following holds:

(a)There exists a vertex v € V(D) such that
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(x,v), (v, y) € A(D).

(b)There is an (x,y) —path of length 3 which is

the shortest one.
Proof: Assume V,,V,, and V5 are the partition sets of
adigraph D. Letx,y € V;, so x and y are not adjacent.
By definition of D, every vertex v € V(D) —V;,
[x,v], [y, v] € A(D). If there is a vertex v € V (D) —
V, such that (x,v),(v,y) € A(D), then (a) holds.
Assuming (a) does not hold, it follows that for all v €
V(D) — V; with (x,v), (y,v) € A(D). As x and y are
adjacent to all the vertices in V,and V5 of D, then for
any vertex v € V, U Vs, either v € N3 (x) N Nj (y) or
v € Ny (x) N Ny(y)orv € Ny (x) n N (y) . Define
the subsets of vertices of the partition sets V,and V5 as
a following U={zeV(D)—-V;:(x2),(y,2)€
AD)} and U'={z"eV(D)—-V:(z',x),(z,y) €
AD)}and U = {z" e V(D) = V;: (z",x),(v,2") €
A(D)}. With the assumption that there is no such
vertex v € V, U V5 such thatv € N7 (x) n Ny (),
then U n U’ = @. As D is strong, then it must have an
arc zz' such that z € U and z' € U’, then xzz'y is an
(x,y) —path P’ of length 3. As (a) does not hold, then
P’ is a shortest (x, y) —path. m
To prove Theorem 1.3, suppose V;,V,, and V5 are the
partite sets of a digraph D with A(D) = a(D) — 1 >
2. Consider D' = (V(D"), A(D")) be the digraph with a
set of verities V(D") = V(D) U {s}, where s & V (D),
and the set of arcs A(D") = A(D) U {(s,v), (v,5s) :
v € V(D)}. Thus, D' is a strong semicomplete 4-
multipartite digraph with the partition sets Vi, ..., V,,
where V, = {s}, and a(D") = a(D). As MD) =
a(D) — 1, then A(D") = A(D) +1 = a(D). Since
A(D') =z a(D"), then, by Theorem 1.2, D' is
superelerian. Let T be a spanning closed trail of D’,
thus df (v) = dr(v) for each v € V(D'); moreover,
d¥(s) = d7(s) = 1. Consider D = D' — {s}, then
T — {s} is a spanning trail of D. To complete the proof
of Theorem 1.3, we must ensure the in-degree and the
out-degree of the vertex s, in a closed spanning trail T
of D’, which must be df(s)= dr(s) =1. By
contradiction, we may assume that df (s) = d7(s) =
2,then T — {s} contains two sub-trails spanning all the
vertices of D. Let W=T,UT,, where T, =
UqUy ... Uy ANA T, = V1V, ... vy be sub-tails of T — {s}
in a digraph D. Let us work on the ends of T;and T,
{um,vi}and {vg,u,}. By using the arc-strong
connectivity of D, we connect the vertices {u,,, v;}
and the vertices {v, u, }. Without loss of generalities,
let’s connect the vertices u,, and v, to get the trail
spanning all vertices of D. By definition of D, there are
two cases to consider, either [u,,, v;] € A(D) or {u,,,
v, } is an independent set.

Case 1 Suppose[u,,, v,] € A(D). If (up, vi)€
A(D) then WU {(u,,, v1)} is a spanning trail of D.
Assume (vq,u,,) € A(D), then by Lemma 3.1, there
must exist a vertex z€eV(D) such that
(U, 2), (z,v,) € A(D), which is the shortest (u,y,,
vy)-path P’ in D. Thus W U P’ is a spanning trail of D.

Case 2 Suppose {u,,, v;} is an independent set.
Suppose u,,, v, €V;, thus for each z € V(D) —
Vi, [um, 2], [v1, 2] € A(D). As D is strong there must
exist a vertex ze€V(D)-V,such that
(U, 2), (z,v,) € A(D), which is the shortest (u,y,,
v,)— path P’in D. Therefore WUP' is a spanning trail
of D. Assume there is no vertex satisfying
(Um, 2), (z,v;) € A(D), then by Lemma 3.2 (a) fails;
so, Lemma 3.2 (b) holds. Then there exists a shortest
(U, v1)— path P" in D. Therefore, WUP'is a spanning
trail of D. Similarly, we can join the vertices {vy, u,}
by the shortest (v, u,) —path, say P"". Now, P’ and
P"" are arc-disjoint paths in D, then W U P’ U P" is a
spanning closed trail of D. It follows that D is
superelerian, under condition A(D) = a(D) — 1,
which contracts Theorem 1.2. Thus, in a closed
spanning trail T of D', d¥(s) = d7(s) = 1. Therefore,
T —{s} is a spanning trail of a digraph D. This
completes the proof of Theorem 1.3. m
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