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A B S T R A C T 

The study of spanning trails in digraphs associates two fundamental concepts: connectivity and independence. For 

general digraphs, establishing universal conditions remains an open challenge, but semicomplete multipartite 

digraphs reveal precise connectivity restrictions due to their well-defined structure. In this work,  we prove that every 

strongly connected semicomplete 3-multipartite digraph 𝐷 with arc-strong connectivity 𝜆(𝐷)  ≥  𝛼(𝐷) −  1 contains 

a spanning directed trail. This result provides evidence that multipartite structures may require weaker connectivity 

conditions than arbitrary digraphs, opening new directions for studying spanning trails in constrained digraph classes.  

Keywords: arcs-strong connectivity; stability number; spanning trail; supereulerian (closed spanning trails) 

digraphs; semicomplete 3-multipartite digraphs. 

 

 الشبه المكتمل ذو ثلاث مجموعات جزئیة الموجه  يالمسار المتجھي الممتد في الرسم البیان 

  a أميمة الأصفر

 كلية التربية، جامعة الزاوية، الزاوية، ليبيا 

 الملخص 

وضع شروط عامة للرسوم  تربط دراسة المسارات الشاملة في الرسوم البيانية الموجهة بين مفهومين أساسيين: الاتصال والاستقلالية. في حين أن  

ملة تكشف عن قيود اتصالية دقيقة بفضل بنيتها المحددة  تكمتعددة الأجزاء شبه الم   البيانية  البيانية الموجهة يظل تحديًا مفتوحًا، فإن الرسوم

شبه   موجه  بياني  رسم  كل  أن  نثبت  البحث،  هذا  في  الثالثة تك المجيدًا.  الدرجة  من  الأجزاء  متعدد  𝜆(𝐷)ي    قو قوس ي  ترابط    ذو 𝐷 مل  ≥

𝛼(𝐷) −  على أن البنى متعددة الأجزاء قد تتطلب شروط اتصال أضعف من الرسوم  ممتديحتوي على مسار موجه   1
ً

. توفر هذه النتيجة دليلا

ا جديدة لدراسة المسارات الشاملة في فئات مقيدة من الرسوم البيانية الموجهة 
ً
 .البيانية العشوائية، مما يفتح آفاق

المسار الممتد المغلق، الرسم البياني شبه المكتمل ذو  ي ذو البيانالترابط القوس ي القوي، الرقم المستقل، المسار الممتد، الرسم  :الكلمات المفتاحية

 ثلاث مجموعات جزئية.

1. Introduction  

We consider finite graphs and digraphs, and generally 

use 𝐺 to denote a graph and 𝐷 to a digraph. Undefined 

terms and notation will follow [1] for graphs and [2] 

for digraphs. Following [2], a digraph 𝐷 does not have 

loops and parallel arcs, let 𝜆(𝐷) and 𝛼(𝐷) denote the 

arc-strong connectivity of a digraph 𝐷, and the 

stability number (also called the independence 

number), respectively. We shall use the term 

independent set for a stable set in a digraph.  

A strong digraph 𝐷 is eulerian, for any 𝑣 ∈

𝑉(𝐷), 𝑑𝐷
−(𝑣) = 𝑑𝐷

+(𝑣). A digraph 𝐷 is supereulerian if 

𝐷 contains a spanning eulerian subdigraph, or 

equivalently, a spanning closed trail. Thus, 

supereulerian digraphs must be strong.  

The supereulerian digraph problem is to characterize 

the strong digraphs that contain a spanning closed 

directed trail. Several studies on supereulerian 
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digraphs have been conducted. In particular, Hong et 

al in [3], [4] and Bang-Jensen and Maddaloni [5] 

presented some best possible sufficient degree 

conditions for supereulerian digraphs. Several studies 

on various conditions of supereulerian digraphs can be 

found in [6], [7], [8], among others.  

In 1972, Chvátal and Erdös [9] proved that every 2-

connected graph 𝐺 with 𝜅(𝐺) ≥ 𝛼(𝐺) is Hamiltonian. 

Thomassen [10] indicated that the Chvátal-Erdös 

Theorem does not extend to digraphs by presenting an 

infinite family of non-hamiltonian (but supereulerian) 

digraphs 𝐷 with 𝜅(𝐷) = 𝛼(𝐷) = 2. This motivates 

Bang-Jensen and Thommassé to make the following 

conjecture.  

Conjecture 1.1. (Bang-Jensen and Thommassé [5]) 

Let 𝐷 be a digraph. If 𝜆(𝐷) ≥ 𝛼(𝐷), then 𝐷 is 

supereulerian.  

In [5], Bang-Jensen and Maddaloni studied the validity 

of Conjecture 1.1 for several families of digraphs one 

of them is the following theorem. 

Theorem 1.2. Let 𝐷 be a strong semicomplete 

multipartite digraph. If 𝜆(𝐷) ≥ 𝛼(𝐷), then 𝐷 is 

superelerian. This is equivalent to saying that 𝐷  has a 

spanning closed trail. 

In addition, Bang-Jensen and Maddaloni [5] provided 

infinite families of digraphs with 𝜆(𝐷)  =  𝛼(𝐷)  −

 1 that are not supereulerian. Hence, if true, Conjecture 

1.1 would be best possible.  

The current study is motivated by Conjecture 1.1 and 

Theorem 1.2, for a semicomplete 3-multipartite 

digraph. The main result of this note is the following.  

Theorem 1.3. Let 𝐷 be a strong semicomplete 3-

multipartite digraph. if 𝜆(𝐷) ≥ 𝛼(𝐷) − 1, then 𝐷 has 

a spanning trail.  

2.  Preliminaries 

Throughout our discussions, we use the notation 

(𝑢, 𝑣) to denote an arc oriented from 𝑢 to 𝑣 in a 

digraph 𝐷; and use [𝑢, 𝑣] to indicate either (𝑢, 𝑣) or 

(𝑣, 𝑢). When [𝑢, 𝑣] ∈ 𝐴(𝐷), we say that 𝑢 and 𝑣 are 

adjacent. If two arcs of 𝐷 have a common vertex, we 

say that these two arcs are adjacent in 𝐷. The in-degree 

and the out-degree of a vertex 𝑣 in a digraph 𝐷 are 

denoted by 𝑑𝐷
−(𝑣) and 𝑑𝐷

+(𝑣), respectively. 

Throughout this paper, we use the definitions of paths, 

cycles, and trails as defined in [1] when discussing an 

undirected graph 𝐺, and we denote directed paths, 

directed cycles and directed trails when discussing it 

on a digraph 𝐷. A walk in 𝐷 is an alternating sequence, 

𝑥1𝑎1𝑥2𝑎2 … 𝑥𝑘−1𝑎𝑘−1𝑥𝑘 of vertices 𝑥𝑖 and arcs 𝑎𝑖 

from 𝐷 such that 𝑎𝑖 =𝑥𝑖𝑥𝑖+1, for 𝑖 =  1, . . . , 𝑘 − 1 . A 

walk is closed if 𝑥1 = 𝑥𝑘, and open otherwise. If all the 

arcs of a walk are distinct, we call it a trail. A directed 

trail (or path, respectively) from a vertex 𝑢 to a vertex 

𝑣 in a digraph 𝐷 is often referred to as a (𝑢, 𝑣) −trail 

(a (𝑢, 𝑣) −path, respectively). As in [1], we define, for 

a vertex 𝑣 ∈  𝑉(𝐷), 𝑁𝐷
+(𝑣) =  {𝑤 ∈ 𝑉(𝐷): (𝑣, 𝑤) ∈

𝐴(𝐷)}, 𝑁𝐷
−(𝑣)  =  {𝑢 ∈ 𝑉(𝐷) ∶  (𝑢, 𝑣) ∈ 𝐴(𝐷)}, and 

 𝑁𝐷(𝑣) = 𝑁𝐷
+(𝑣) ∪ 𝑁𝐷

−(𝑣). 

For subsets 𝑋, 𝑌 ⊆ 𝑉(𝐷), define (𝑋, 𝑌 )𝐷 = {(𝑥, 𝑦) ∈

𝐴(𝐷): 𝑥 ∈  𝑋, 𝑦 ∈ 𝑌},  

and  (𝑋, 𝑌 )𝐺(𝐷) =  (𝑋, 𝑌 )𝐷  ∪  (𝑌, 𝑋)𝐷. 

If 𝑋 = {𝑥} or 𝑌 = {𝑦}, we often use (𝑥, 𝑌)𝐷 for 

(𝑋, 𝑌 )𝐷 or (𝑋, 𝑦)𝐷 for (𝑋, 𝑌 )𝐷, respectively. Hence 

(𝑋, 𝑌)𝐷 =  ({𝑥}, {𝑦}) 𝐷.  

For a vertex 𝑣 ∈  𝑉 (𝐷), let  𝜕𝐷
+(𝑣) = (𝑣, 𝑉 (𝐷)–  𝑣)𝐷 

and  𝜕𝐷
−(𝑣) =  (𝑉(𝐷) − 𝑣, 𝑣)𝐷. Thus 𝑑𝐷

+(𝑣) =

| 𝜕𝐷
+(𝑣)| and 𝑑𝐷

−(𝑣) = | 𝜕𝐷
−(𝑣)| and  𝑑𝐷(𝑣) = 

𝑑𝐷
+(𝑣) + 𝑑𝐷

−(𝑣). 

We use the definition of union digraphs as in [2]. By 

definition of 𝜆(𝐷) in [2], we observe that for any 

integer 𝑘 ≥ 0 and a digraph 𝐷,  

𝜆(𝐷) ≥ 𝑘 if and only if | 𝜕𝐷
+(𝑋)| ≥ 𝑘, for any 

nonempty proper subset 𝑋 ⊂ 𝑉 (𝐷).  

3. Proof of the main result  

Lemma 3.1. Suppose 𝐷 is a semicomplete 3-

multipartite digraph 𝐷 with 𝜆(𝐷) ≥ 𝛼(𝐷) − 1 ≥ 2. 

Let 𝑥, 𝑦 ∈ 𝑉(𝐷) such that 𝑥 ∈ 𝑉𝑖  and 𝑦 ∈ 𝑉𝑗 for some 

𝑖, 𝑗 ∈ {1,2,3} where 𝑖 ≠ 𝑗.  Then either (𝑥, 𝑦) ∈ 𝐴(𝐷) 

or there exists a vertex 𝑣 ∈ 𝑉(𝐷) such that 

(𝑥, 𝑣), (𝑣, 𝑦) ∈ 𝐴(𝐷).  

Proof: Assume 𝑉1, 𝑉2, and 𝑉3 are the partition sets of a 

digraph 𝐷. Suppose 𝑥 ∈ 𝑉1 and 𝑦 ∈ 𝑉2  By the 

definition of 𝐷, 𝑥 and 𝑦 are adjacent. Assume (𝑥, 𝑦) ∉

𝐴(𝐷), so (𝑦, 𝑥) ∈ 𝐴(𝐷). By a definition of 𝐷, for each 

vertex 𝑣 ∈ 𝑉3, [𝑥, 𝑣], [𝑦, 𝑣] ∈ 𝐴(𝐷). If there exists 𝑣 ∈

 𝑉3 such that (𝑥, 𝑣), (𝑣, 𝑦) ∈ 𝐴(𝐷) then we are done. 

By contradiction, we assume that for all 𝑣 ∈  𝑉3 with 

(𝑥, 𝑣) ∈ 𝐴(𝐷) that (𝑦, 𝑣) ∈ 𝐴(𝐷).  

Define 𝑆 = {𝑢 ∈ 𝑉3 ∶ 𝑢 ∈  𝑁𝐷
+(𝑥) ∩ 𝑁𝐷

+(𝑦)}.  

If 𝑆 = ∅, then for each 𝑣 ∈ 𝑉3, either 𝑣 ∈ 𝑁𝐷
−(𝑥) ∩

𝑁𝐷
−(𝑦), or 𝑣 ∈ 𝑁𝐷

−(𝑥) ∩ 𝑁𝐷
+(𝑦), it follows 

|(𝑥, 𝑉3)𝐷| = 0, which contracts the strong connectivity 

of 𝐷. We may assume |𝑆| ≥ 1. By assumption, |𝑆 ∩

𝑁𝐷
−(𝑦)| = 0, thus |(𝑉3, 𝑦)𝐷| ≤ |𝑉3| − |𝑆| ≤ 𝛼(𝐷) −

1, which contracts the arc-strong connectivity of 𝐷, so 

there must be a vertex 𝑣 ∈ 𝑉3 such that (𝑥, 𝑣), (𝑣, 𝑦) ∈

𝐴(𝐷). ∎ 

Lemma 3.2. Suppose 𝐷 is a strong semicomplete 3-

multipartite digraph 𝐷. Let 𝑥, 𝑦 ∈ 𝑉 (𝐷) such that 

𝑥, 𝑦 ∈ 𝑉𝑖  for some 𝑖 ∈ {1,2,3}. Then, one of the 

following holds:  

(a)There exists a vertex 𝑣 ∈ 𝑉(𝐷) such that 
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(𝑥, 𝑣), (𝑣, 𝑦) ∈ 𝐴(𝐷).  

(b)There is an (𝑥, 𝑦) −path of length 3 which is 

the shortest one.  

 Proof: Assume 𝑉1, 𝑉2, and 𝑉3 are the partition sets of 

a digraph 𝐷. Let 𝑥, 𝑦 ∈ 𝑉1, so 𝑥 and 𝑦 are not adjacent. 

By definition of 𝐷, every vertex 𝑣 ∈ 𝑉(𝐷) − 𝑉1, 

[𝑥, 𝑣], [𝑦, 𝑣] ∈ 𝐴(𝐷). If there is a vertex 𝑣 ∈ 𝑉 (𝐷) −

𝑉1 such that (𝑥, 𝑣), (𝑣, 𝑦) ∈ 𝐴(𝐷), then (a) holds. 

Assuming (a) does not hold, it follows that for all 𝑣 ∈

V(D) − 𝑉1 with (𝑥, 𝑣), (𝑦, 𝑣) ∈ 𝐴(𝐷). As 𝑥 and 𝑦 are 

adjacent to all the vertices in 𝑉2and 𝑉3 of 𝐷, then for 

any vertex 𝑣 ∈ 𝑉2 ∪ 𝑉3, either 𝑣 ∈ 𝑁𝐷
+(𝑥) ∩ 𝑁𝐷

+(𝑦) or 

𝑣 ∈ 𝑁𝐷
−(𝑥) ∩ 𝑁𝐷

−(𝑦) or 𝑣 ∈ 𝑁𝐷
−(𝑥) ∩ 𝑁𝐷

+(𝑦) . Define 

the subsets of vertices of the partition sets 𝑉2and 𝑉3 as 

a following 𝑈 = {𝑧 ∈ 𝑉(𝐷) − 𝑉1: (𝑥, 𝑧), (𝑦, 𝑧) ∈

𝐴(𝐷)} and 𝑈′ = {𝑧′ ∈ 𝑉(𝐷) − 𝑉1: (𝑧′, 𝑥), (𝑧′, 𝑦) ∈

𝐴(𝐷)} and 𝑈′′ =  {𝑧′′ ∈ 𝑉(𝐷) − 𝑉1: (𝑧′′, 𝑥), (𝑦, 𝑧′′) ∈

 𝐴(𝐷)}.  With the assumption that there is no such 

vertex 𝑣 ∈ 𝑉2 ∪ 𝑉3 such that 𝑣 ∈ 𝑁𝐷
+(𝑥) ∩ 𝑁𝐷

−(𝑦), 

then 𝑈 ∩ 𝑈′ = ∅. As 𝐷 is strong, then it must have an 

arc 𝑧𝑧′ such that 𝑧 ∈ 𝑈 and 𝑧′ ∈ 𝑈′, then 𝑥𝑧𝑧′𝑦 is an 

(𝑥, 𝑦) −path 𝑃′ of length 3. As (a) does not hold, then 

𝑃′ is a shortest (𝑥, 𝑦) −path. ∎ 

To prove Theorem 1.3, suppose 𝑉1, 𝑉2, and 𝑉3 are the 

partite sets of a digraph 𝐷 with 𝜆(𝐷) ≥ 𝛼(𝐷) −  1 ≥

2. Consider 𝐷′ = (𝑉(𝐷′), 𝐴(𝐷′)) be the digraph with a 

set of verities 𝑉(𝐷′) = 𝑉(𝐷) ∪ {𝑠}, where 𝑠 ∉ 𝑉(𝐷), 

and the set of arcs 𝐴(𝐷′) = 𝐴(𝐷) ∪ {(𝑠, 𝑣), (𝑣, 𝑠) ∶

𝑣 ∈ 𝑉(𝐷)}. Thus, 𝐷′ is a strong semicomplete 4-

multipartite digraph with the partition sets 𝑉1, … , 𝑉4, 

where 𝑉4 =  {𝑠}, and 𝛼(𝐷′) = 𝛼(𝐷). As λ(𝐷) ≥

𝛼(𝐷) −  1, then 𝜆(𝐷′) ≥ 𝜆(𝐷) + 1 ≥ 𝛼(𝐷). Since 

𝜆(𝐷′) ≥ 𝛼(𝐷′), then, by Theorem 1.2, 𝐷′ is 

superelerian. Let 𝑇 be a spanning closed trail of 𝐷′, 

thus 𝑑𝑇
+(𝑣)  =  𝑑𝑇

−(𝑣) for each 𝑣 ∈ 𝑉(𝐷′); moreover, 

𝑑𝑇
+(𝑠) =  𝑑𝑇

−(𝑠) = 1. Consider 𝐷 = 𝐷′ − {𝑠}, then 

𝑇 − {𝑠} is a spanning trail of 𝐷. To complete the proof 

of Theorem 1.3, we must ensure the in-degree and the 

out-degree of the vertex 𝑠, in a closed spanning trail 𝑇 

of 𝐷′ , which must be 𝑑𝑇
+(𝑠) =  𝑑𝑇

−(𝑠) = 1. By 

contradiction, we may assume that 𝑑𝑇
+(𝑠) =  𝑑𝑇

−(𝑠) =

2, then 𝑇 − {𝑠} contains two sub-trails spanning all the 

vertices of 𝐷. Let 𝑊 = 𝑇1 ∪ 𝑇2, where 𝑇1 =

𝑢1𝑢2 … 𝑢𝑚 and 𝑇2 = 𝑣1𝑣2 … 𝑣𝑘 be sub-tails of  𝑇 − {𝑠}  

in a digraph 𝐷. Let us work on the ends of 𝑇1and 𝑇2, 

{𝑢𝑚, 𝑣1} and {𝑣𝑘 , 𝑢1}.  By using the arc-strong 

connectivity of 𝐷, we connect the vertices {𝑢𝑚, 𝑣1}  

and the vertices {𝑣𝑘 , 𝑢1}. Without loss of generalities, 

let’s connect the vertices  𝑢𝑚 and 𝑣1 to get the trail 

spanning all vertices of 𝐷. By definition of 𝐷, there are 

two cases to consider, either [𝑢𝑚, 𝑣1] ∈ 𝐴(𝐷) or {𝑢𝑚, 

𝑣1} is an independent set. 

Case 1 Suppose[𝑢𝑚, 𝑣1] ∈ 𝐴(𝐷). If (𝑢𝑚, 𝑣1) ∈

𝐴(𝐷) then 𝑊∪ {(𝑢𝑚, 𝑣1)} is a spanning trail of 𝐷. 

Assume (𝑣1, 𝑢𝑚) ∈ 𝐴(𝐷), then by Lemma 3.1, there 

must exist a vertex 𝑧 ∈ 𝑉(𝐷) such that 

(𝑢𝑚, 𝑧), (𝑧, 𝑣1) ∈ 𝐴(𝐷),  which is the shortest (𝑢𝑚, 

𝑣1)-path 𝑃′ in 𝐷. Thus 𝑊 ∪ 𝑃′ is a spanning trail of 𝐷.  

Case 2 Suppose {𝑢𝑚, 𝑣1} is an independent set. 

Suppose 𝑢𝑚, 𝑣1 ∈ 𝑉1, thus for each 𝑧 ∈ 𝑉(𝐷) −

𝑉1, [𝑢𝑚, 𝑧], [𝑣1, 𝑧] ∈ 𝐴(𝐷). As 𝐷 is strong there must 

exist a vertex 𝑧 ∈ 𝑉(𝐷) − 𝑉1, such that 

(𝑢𝑚, 𝑧), (𝑧, 𝑣1) ∈ 𝐴(𝐷), which is the shortest (𝑢𝑚, 

𝑣1)− path 𝑃′in 𝐷. Therefore 𝑊∪𝑃′  is a spanning trail 

of 𝐷. Assume there is no vertex satisfying 

(𝑢𝑚, 𝑧), (𝑧, 𝑣1) ∈ 𝐴(𝐷), then by Lemma 3.2 (a) fails; 

so, Lemma 3.2 (b) holds. Then there exists a shortest 

(𝑢𝑚, 𝑣1)− path 𝑃′ in 𝐷. Therefore, 𝑊∪𝑃′is a spanning 

trail of 𝐷. Similarly, we can join the vertices {𝑣𝑘 , 𝑢1} 

by the shortest (𝑣𝑘 , 𝑢1) −path, say 𝑃′′. Now, 𝑃′ and 

𝑃′′ are arc-disjoint paths in 𝐷, then 𝑊 ∪ 𝑃′ ∪ 𝑃′′ is a 

spanning closed trail of 𝐷. It follows that 𝐷 is 

superelerian, under condition 𝜆(𝐷) ≥ 𝛼(𝐷) − 1,  

which contracts Theorem 1.2. Thus, in a closed 

spanning trail 𝑇 of 𝐷′, 𝑑𝑇
+(𝑠) = 𝑑𝑇

−(𝑠) = 1. Therefore, 

𝑇 − {𝑠} is a spanning trail of a digraph 𝐷. This 

completes the proof of Theorem 1.3. ∎ 
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